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Abstract
We develop a theory of integrable dispersive deformations of 2 + 1 dimensional Hamil-
tonian systems of hydrodynamic type following the scheme proposed by Dubrovin and his
collaborators in 1 + 1 dimensions. Our results show that the multi-dimensional situation is
far more rigid, and generic Hamiltonians are not deformable. As an illustration we discuss
a particular class of two-component Hamiltonian systems, establishing the triviality of first
order deformations and classifying Hamiltonians possessing nontrivial deformations of the
second order.
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1
1 Introduction
Deformation theory of 1+1 dimensional Hamiltonian systems has been thoroughly investigated by
Dubrovin and his collaborators in [8, 9, 11, 12, 13]: given a Hamiltonian system of hydrodynamic
type,
uit = {ui,H0} = P ij δH0/δuj , (1)
i, j = 1, . . . , n, where P ij = ǫiδijd/dx is the Hamiltonian operator and H0 =
∫
h(u) dx is a
Hamiltonian with the density h(u), one looks for deformations of the form
H = H0 + ǫH1 + ǫ
2H2 + . . . (2)
where the density of Hi is assumed to be a homogeneous polynomial of degree i in the x-
derivatives of u. Here the Hamiltonian operator P ij can be assumed undeformed due to the
general results of [19, 5]. Deformation (2) is called integrable (to the order ǫm) if any hydro-
dynamic Hamiltonian F0 =
∫
f(u) dx commuting with H0 can be deformed in such a way that
{H,F} = 0 (mod ǫm+1). It is assumed that H0 generates an integrable system of hydrodynamic
type [23, 24, 7]: any system of this kind possesses an infinity of commuting Hamiltonians F0
parametrised by n arbitrary functions of one variable. The classification of integrable deforma-
tions is performed modulo canonical transformations of the form
H → H + ǫ{K,H} + ǫ
2
2
{K, {K,H}} + . . . (3)
where K is any functional of the form (2). The richness of this deformation scheme is due to the
following basic facts:
• The variety of integrable ‘seed’ Hamiltonians H0 is parametrised by n(n − 1)/2 arbitrary
functions of two variables;
• For a fixed integrable Hamiltonian H0, the deformation procedure introduces extra arbi-
trary functions of one variable known, in bi-Hamiltonian context, as ‘central invariants’.
One should point out that it is still an open problem to extend a deformation, for arbitrary
values of these functions, to all orders in the deformation parameter ǫ.
The main goal of this paper is to discuss the analogous deformation scheme in 2+1 dimensions.
One again starts with the Hamiltonian system (1) where P ij is a 2-dimensional Hamiltonian
operator of hydrodynamic type, see [6, 21, 22] for the general theory and classification results.
In the two-component case there exist only three types of such operators: the first two of them
can be reduced to constant-coefficient forms,
P =
(
d/dx 0
0 d/dy
)
, P =
(
0 d/dx
d/dx d/dy
)
,
while the third one is essentially non-constant,
P =
(
2v w
w 0
)
d
dx
+
(
0 v
v 2w
)
d
dy
+
(
vx vy
wx wy
)
,
here v,w are the dependent variables. We will refer to them as Hamiltonian operators of type
I, II and III, respectively. To be specific, we will concentrate on case II. The corresponding
Hamiltonian systems take the form(
v
w
)
t
=
(
0 d/dx
d/dx d/dy
)(
δH0/δv
δH0/δw
)
, (4)
2
H0 =
∫
h(v,w) dxdy, or, explicitly,
vt = (hw)x, wt = (hv)x + (hw)y.
We will be looking at deformations of the form (2) where the density of Hi is a homogeneous
polynomial of degree i in the x- and y-derivatives of v and w. The Hamiltonian operator will
be assumed undeformed (although we are not aware of any results establishing the triviality of
Poisson cohomology in higher dimensions). Since a system of the form (4) does not possess any
nontrivial conservation laws of hydrodynamic type other than the Casimirs and the Hamiltonian,
the definition of integrability needs to be modified. Thus, the ‘seed’ system (4) will be called
integrable if it possesses infinitely many hydrodynamic reductions [20, 14]. This requirement
imposes strong constraints on the Hamiltonian density h(v,w), providing an efficient classification
criterion (see Sect. 2 for more details). Following [17, 18], a deformation of H0 will be called
integrable (to the order ǫm) if it inherits all hydrodynamic reductions of the seed system (4) to
the same order (the deformation procedure is outlined in Sect. 3). The main features of the 2+1
dimensional deformation scheme can be summarised as follows:
• The variety of integrable ‘seed’ Hamiltonians H0 is finite dimensional.
• Generic integrable Hamiltonians H0 possess no nontrivial deformations.
Nevertheless, there exist deformable (non-generic) Hamiltonians.
Example 1. Let H0 =
∫
w2
2 + f(v) dxdy. In this case the integrability conditions reduce to
a single fourth order ODE, f ′′′′f ′′ = f ′′′2, so that without any loss of generality one can set
f(v) = ev. Modulo canonical transformations, this Hamiltonian possesses a unique integrable
dispersive deformation of the form
H =
∫
w2
2
+ f(v)− ǫ
2
3!
f ′′′v2x +O(ǫ
4) dxdy.
For f(v) = ev it can be rewritten in the equivalent form
H =
∫
w2
2
+ ev +
ǫ2
3!
evvxx +O(ǫ
4) dxdy.
It is quite remarkable that this deformation can be extended to all orders in the deformation
parameter ǫ, providing a Hamiltonian formulation of the 2D Toda system,
H =
∫
w2
2
+ exp
(
v +
ǫ2
3!
vxx +
ǫ4
5!
vxxxx + . . .
)
dxdy,
see Sect. 6 for further details.
Example 2. Let H0 =
∫
αv
2
2 + βvw+ f(w) dxdy. Here the integrability conditions reduce to a
single fourth order ODE, f ′′′′f ′′(αf ′′−β2) = f ′′′2(3αf ′′−2β2). Modulo canonical transformations,
this Hamiltonian possesses a unique integrable dispersive deformation of the form
H =
∫
α
v2
2
+ βvw + f(w) + ǫ2f ′′′
(
−α
2
f ′′
v2x +
β2
f ′′
v2y + 2αw
2
x + 2βvywy + f
′′w2y
)
+O(ǫ4) dxdy.
3
Although for β = 0 the Hamiltonian H0 gives rise to the dispersionless KP (dKP) equation, the
deformation presented here is not equivalent to the full KP equation: see Sect. 7 for further
discussion.
It will be demonstrated (Theorem 2 of Sect. 5) that, modulo certain equivalence transfor-
mations, these two examples exhaust the list of Hamiltonians of type II which possess nontrivial
integrable deformations to the order ǫ2. In Sect. 4 we prove the triviality of ǫ-deformations. The
structure of ǫ2-deformations is analysed in Sect. 5. Deformations of Hamiltonians of type II/III
are discussed in Sect. 8/9.
2 Classification of integrable Hamiltonian densities of type II
In this section we review the classification of integrable Hamiltonian systems of the form (4).
Following [14, 16] we require the existence of N -phase solutions of the form
v = v(R1, R2, . . . , RN ), w = w(R1, R2, . . . , RN ), (5)
where the phases Ri(x, y, t) satisfy the commuting equations
Rit = λ
i(R)Rix, R
i
y = µ
i(R)Rix; (6)
recall that the assumption of commutativity imposes the following restrictions on the chrarac-
teristic speeds λi and µi:
∂jλ
i
λj − λi =
∂jµ
i
µj − µi , (7)
∂j = ∂/∂Rj , i 6= j, see [24]. Equations (6) are said to define an N -component hydrodynamic
reduction of the original system (4). It was observed in [14] that the requirement of the exis-
tence of such reductions imposes strong constraints on the original system (4), and provides an
efficient classification criterion. Recall that the key property is the existence of three-component
reductions: in this case one also has N -component reductions for arbitrary N . This property is
reminiscent of the three-soliton condition in the theory of integrable systems. On the contrary,
the existence of one- or two-component reductions is a common phenomenon which is not gen-
erally related to the integrability (at least for two-component systems as in the present paper).
As shown in [16], the requirement of existence of three-component reductions leads to a system
of fourth order PDEs for the Hamiltonian density h(v,w), which constitute the integrability
conditions:
hww(hvvhww − h2vw)hvvvv = −6h2vwh2vvw + 3hwwhvvh2vvw
+4h2vwhvwwhvvv − 2hwwhvwhvvwhvvv + h2wwh2vvv ,
hww(hvvhww − h2vw)hvvvw = −3h2vwhvwwhvvw + 3hwwhvwwhvvwhvv
−3hwwhvwh2vvw + h2vwhvvvhwww + hwwhvwhvwwhvvv + h2wwhvvwhvvv ,
hww(hvvhww − h2vw)hvvww = −2h2vwh2vww + 2hvvh2vwwhww
−3hwwhvwhvwwhvvw + hwwhvvhwwwhwvv + hwwhvwhwwwhvvv + h2wwhvwwhvvv ,
hww(hvvhww − h2vw)hvwww = −2h2vwhwwwhvww − 3hwwh2vwwhvw
+3hwwhvvhwwwhvww + hwwhvwhwwwhvvw + h
2
wwhwwwhvvv ,
hww(hvvhww − h2vw)hwwww = −2h2vwh2www − 2hwwhwwwhvwhvww
−3h2wwh2vww + 3hwwhvvh2www + 4h2wwhwwwhvvw .
(8)
4
This system is in involution, and is invariant under the 9-parameter group of Lie-point symme-
tries,
v → av + b,
w → pv + cw + d,
h→ αh+ βv + γw + δ.
These transformations form the equivalence group of the problem. They preserve the Hamil-
tonian structure, and will be used to simplify the classification results. Under the Legendre
transformation,
V = hv, W = hw, H = vhv + whw − h, HV = v, HW = w,
the integrability conditions (8) simplify to
HV V V V =
2H2V V V
HV V
,
HV V VW =
2HV VWHV V V
HV V
,
HV VWW =
2H2V VW
HV V
,
HVWWW =
3HVWWHV VW −HWWWHV V V
HV V
,
HWWWW =
6H2VWW − 4HWWWHV VW
HV V
.
These equations were explicitly solved in [16], leading to the following classification result:
Theorem 1 Modulo the natural equivalence group, the generic integrable potential H(V,W ) of
type II is given by the formula
H = V ln
V
σ(W )
,
where σ is the Weierstrass sigma-function: σ′/σ = ζ, ζ ′ = −℘, ℘′2 = 4℘3−g3. Its degenerations
correspond to
H = V ln
V
W
, H = V lnV, H =
V 2
2W
+ αW 7,
as well as the following polynomial potentials:
H =
V 2
2
+
VW 2
2
+
W 4
4
, H =
V 2
2
+
W 3
6
.
Taking the inverse Legendre transform, one can obtain a complete list of integrable Hamiltonian
densities h(v,w). Just to mention a few of them, one gets
h(v,w) =
w2
2
+ ev, h(v,w) =
v2
2
+ w3/2, h(v,w) =
1
2
(w + v2/2)2, h(v,w) =
1
2
(w + ev)2,
etc. However, we would prefer to avoid case-by-case considerations, and work with the full set
of integrability conditions (8).
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3 Dispersive deformations in 2 + 1 dimensions
Given a Hamiltonian system of the form (4), its deformationH = H0+ǫH1+· · ·+ǫmHm+O(ǫm+1)
will be called integrable (to the order ǫm) if both equations (5) and (6) defining N -phase solutions
can be deformed to the same order in ǫ, in other words, the deformed dispersive system is required
to ‘inherit’ all hydrodynamic reductions of its dispersionless limit [17, 18]. More precisely, we
require the existence of expansions
v = v(R1, R2, . . . , RN ) + ǫv1 + · · ·+ ǫmvm +O(ǫm+1),
w = w(R1, R2, . . . , RN ) + ǫw1 + · · ·+ ǫmwm +O(ǫm+1),
(9)
where vi and wi are assumed to be homogeneous polynomials of degree i in the x-derivatives of
R’s (thus, both Rixx and R
i
xR
k
x have degree two, etc). Similarly, hydrodynamic reductions (6)
are deformed as
Rit = λ
i(R)Rix + ǫa1 + · · ·+ ǫmam +O(ǫm+1),
Riy = µ
i(R)Rix + ǫb1 + · · ·+ ǫmbm +O(ǫm+1),
(10)
where ai and bi are assumed to be homogeneous polynomials of degree i+1 in the x-derivatives
of R’s. We require that the substitution of (9), (10) into the deformed system (4) satisfies the
equations up to the order O(ǫm+1). This requirement proves to be very restrictive indeed, and
imposes strong constraints on the structure of the deformed Hamiltonian H.
Remark. Expansions (9)-(10) are invariant under Miura-type transformations of the form
Ri → Ri + ǫr1 + ǫ2r2 + . . . ,
where ri denote terms which are polynomial of degree i in the x-derivatives of R’s. These trans-
formations can be used to simplify calculations. For instance, working with one-phase solutions
one can assume that v remains undeformed. Similarly, working with two-phase solutions one
can assume that both v and w remain undeformed. For three-phase solutions this normalisation
still leaves some extra Miura-freedom which can be used to simplify expressions for ai and bi
(to the best of our knowledge there exist no general theory of normal forms under Miura-type
transformations).
4 Triviality of ǫ-deformations
In this section we prove that all ǫ-deformations are trivial and can be eliminated by an appropriate
canonical transformation. Thus, we consider deformations of the form(
v
w
)
t
=
(
0 d/dx
d/dx d/dy
)(
δH/δv
δH/δw
)
(11)
where
H =
∫
h(v,w) + ǫ(avx + bvy + pwx + qwy) +O(ǫ
2) dxdy.
Here a, b, p, q are functions of v and w. We require that all N -phase solutions (5) can be extended
to the order ǫ,
v = v(R1, R2, . . . , RN ) + ǫv1 +O(ǫ
2), w = w(R1, R2, . . . , RN ) + ǫw1 +O(ǫ
2), (12)
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where v1 and w1 are polynomials of order one in the x-derivatives of R’s. Similarly, hydrodynamic
reductions (6) are deformed as
Rit = λ
i(R)Rix + ǫa1 +O(ǫ
2), Riy = µ
i(R)Rix + ǫb1 +O(ǫ
2), (13)
where a1 and b1 are polynomials of order two in the x-derivatives of R’s. We thus require that
relations (12), (13) satisfy the original system (11) up to the order O(ǫ2).
It was verified by a direct calculation that all one- and two-component reductions can be
deformed in this way, for any a, b, p, q and any density h(v,w), not necessarily integrable. On
the contrary, the requirement of the inheritance of three-component reductions (recall that the
existence of three-component reductions forces h(v,w) to satisfy the integrability conditions (8)),
is nontrivial, and leads to the following single relation:(
hvvNw − hvw(Mw −Nv)
hvvhww − h2vw
)
w
=
(
hvwNw − hww(Mw −Nv)
hvvhww − h2vw
)
v
, (14)
here M = (aw − pv)/hww, N = (bw − qv)/hww. It remains to show that the relation (14) is
necessary and sufficient for the existence of a canonical transformation of the form
H → H + ǫ{K,H} +O(ǫ2),
with K =
∫
k(v,w) dxdy, which eliminates all ǫ-terms. Since the density of the functional
H + ǫ{K,H} is given by the formula
h(v,w) + ǫ(avx + bvy + pwx + qwy) + ǫ(kv, kw)
(
0 d/dx
d/dx d/dy
)(
hv
hw
)
+O(ǫ2) =
h(v,w) + ǫ(Avx +Bvy + Pwx +Qwy) +O(ǫ
2),
where
A = a+ kvhvw + kwhvv , B = b+ kwhvw, P = p+ kvhww + kwhvw, Q = q + kwhww,
the conditions that ǫ-terms are trivial (form a total derivative), take the form Aw = Pv, Bw = Qv.
This leads to the following linear system for k(v,w):
kvvhww − kwwhvv = aw − pv, kvwhww − kwwhvw = bw − qv.
The compatibility conditions of these equations for k can be obtained by introducing the auxiliary
variable p via the relation kww = phww, and solving for the remaining second order derivatives
of k,
kvv = M + phvv , kvw = N + phvw, kww = phww.
Cross-differentiating and solving for pv and pw we obtain
pv =
hvvNw − hvw(Mw −Nv)
hvvhww − h2vw
, pw =
hvwNw − hww(Mw −Nv)
hvvhww − h2vw
.
Ultimately, the compatibility condition pvw = pwv gives the required relation (14), thus finishing
the proof.
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5 Reconstruction of ǫ2-deformations
In this section we analyse the structure of ǫ2-deformations. The result of the previous section
allows us to set all ǫ-terms equal to zero. Thus, we consider deformations of the form(
v
w
)
t
=
(
0 d/dx
d/dx d/dy
)(
δH/δv
δH/δw
)
(15)
where
H =
∫
h(v,w) + ǫ2h2(v,w, vx, wx, vy, wy) +O(ǫ
3) dxdy.
Here h2 is assumed to be of second order in the x- and y-derivatives of v and w,
h2 = f1v
2
x + f2v
2
y + f3w
2
x + f4w
2
y + f5vxwx + f6(vxwy + vywx) + f7vywy + f8vxvy + f9wxwy,
where f1, . . . , f9 are functions of v and w. Note that all terms which are linear in the second order
derivatives of v and w can be removed via integration by parts. Furthermore, any expression of
the form f(v,w)(vxwy− vywx) can be omitted, since its variational derivative is identically zero.
We require that all N -phase solutions (5) can be extended to the order ǫ2,
v = v(R1, R2, . . . , RN ) + ǫ2v2 +O(ǫ
3), w = w(R1, R2, . . . , RN ) + ǫ2w2 +O(ǫ
3), (16)
where v2 and w2 are polynomials of order two in the x-derivatives of R’s. Similarly, hydrodynamic
reductions (6) are deformed as
Rit = λ
i(R)Rix + ǫ
2a2 +O(ǫ
3), Riy = µ
i(R)Rix + ǫ
2b2 +O(ǫ
3), (17)
where a2 and b2 are polynomials of order three in the x-derivatives of R’s. We thus require that
relations (16), (17) satisfy the deformed system (15) up to the order O(ǫ3). The classification is
performed modulo canonical transformations of the form
H → H + ǫ{K,H} +O(ǫ3),
here K = ǫ
∫
(avx + bvy + pwx + qwy) dxdy. Note that the density of the functional ǫ{K,H} is
given by the following formula (set m = aw − pv, n = bw − qv):
ǫ2(δK/δv, δK/δw)
(
0 d/dx
d/dx d/dy
)(
hv
hw
)
+O(ǫ3) =
ǫ2m(hvvv
2
x+hvwvxvy+hwwvxwy−hwww2x)+ǫ2n(hvvvxvy+hvwv2y+hwwvywy−hwwwxwy)+O(ǫ3).
Our calculations demonstrate that generic integrable Hamiltonians H0 do not possess nontrivial
dispersive deformations. To be precise, these deformations are parametrised by two arbitrary
functions, analogous to m and n above, which can be eliminated by a canonical transforma-
tion. There are cases, however, where dispersive deformations are parametrised by two arbitrary
functions and a constant. It is exactly this extra constant which gives rise to a non-trivial de-
formation. We emphasize that canonical transformations can be used from the very beginning
to bring the deformation to a ‘normal form’: since hww 6= 0 one can set, say, f6 = f9 = 0. This
normalisation simplifies all subsequent calculations. Our results can be summarised as follows.
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Theorem 2 A Hamiltonian H0 =
∫
h(v,w) dxdy of type II possesses a nontrivial integrable
deformation to the order ǫ2 if and only if, along with the integrability conditions (8), it satisfies
the additional differential constraints
hvvvhvww − h2vvw = 0, hvvvhwww − hvvwhvww = 0, hwwwhvvw − h2vww = 0,
that is,
rank
(
hvvv hvvw hvww
hvvw hvww hwww
)
= 1. (18)
Modulo equivalence transformations, this gives two types of deformable densities:
h(v,w) =
w2
2
+ ev, h(v,w) = α
v2
2
+ βvw + f(w),
where f(w) satisfies the integrability condition f ′′′′f ′′(αf ′′ − β2) = f ′′′2(3αf ′′ − 2β2).
Proof:
In contrast to the case of ǫ-corrections where all constraints were coming from deformations
of three-component reductions, at the order ǫ2 the main constraints appear at the level of one-
component reductions already. Furthermore, it was verified by a direct calculation that multi-
component reductions impose no extra conditions. Since the third order derivative hwww appears
as a factor in all deformation formulae, there are two cases to consider.
Case 1: hwww = 0. Then the integrability conditions imply hvww = 0. The further analysis
shows that one has to impose an extra condition, namely hvvw = 0, otherwise all deformations are
trivial. Notice that conditions hwww = hvww = hvvw = 0 clearly imply (18). Modulo equivalence
transformations, this is the case of the Hamiltonian density h(v,w) = w
2
2 + e
v. Its dispersive
deformation is given in Example 1 of the Introduction.
Case 1: hwww 6= 0. In this case one gets a system of equations for the coefficients f1, . . . , f9
which contains f4 as a factor. If f4 equals zero, all deformations are trivial. In the case f4 6= 0
one can express f1, f2, f3, f5, f7, f8 in terms of f4, f6, f9. What is left will be a system of two
compatible first order PDEs for f4, and a system of additional differential constraints for h(v,w)
which coincides with (18). Solving equations for f4 we obtain a constant of integration which
is responsible for non-trivial dispersive deformations. To find integrable Hamiltonian densities
satisfying (18) we set hwww = q, hvww = pq. Then the remaining third order derivatives of h
can be parametrised as
hwww = q, hvww = pq, hvvw = p
2q, hvvv = p
3q.
Calculating the compatibility conditions we obtain pv = ppw, qv = (pq)w. With this ansatz the
integrability conditions (8) imply p=const so that q = F (w + pv + c) where f is a function of
one variable. Thus, h can be represented in the form h(v,w) = f(w + pv + c) +Q(v,w), where
Q(v,w) is an arbitrary quadratic form. Modulo the equivalence group any such density can be
written in the form h(v,w) = αv
2
2 + βvw + f(w), and the substitution into (8) gives a fourth
order ODE for f . The dispersive deformation of this Hamiltonian is presented in Example 2.
We believe that both Hamiltonians from Theorem 2 can be deformed to all orders in ǫ.
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6 Example 1: deformation of the Boyer-Finley equation
In this section we discuss the key example where dispersive deformations can be reconstructed
explicitly at all orders of the deformation parameter ǫ. Let us consider system (4) with the
Hamiltonian density h = w
2
2 + e
v,
vt = wx, wt = e
vvx + wy.
On the elimination of w, it reduces to the Boyer-Finley equation [3],
vtt − vty = (ev)xx,
(the left hand side can be put into the standard form vty by a linear transformation of t and y).
An integrable dispersive deformation of this example is closely related to the 2D Toda equation,
see [1] for an equivalent construction based on the central extension procedure. Let us introduce
the auxiliary Hamiltonian system(
u
w
)
t
=
(
0 1ǫ sinh(ǫd/dx)
1
ǫ sinh(ǫd/dx) d/dy
)(
hu
hw
)
, (19)
where the Hamiltonian density h is the same as above, h(u,w) = w
2
2 + e
u (the exact relation
between u and v is specified below). Explicitly, this gives
ut =
1
ǫ
sinh(ǫd/dx)w, wt =
1
ǫ
sinh(ǫd/dx)eu + wy,
which, on elimination of w, leads to the integrable 2D Toda equation,
utt − uty = 1
ǫ2
(sinh(ǫd/dx))2eu =
1
4ǫ2
(
eu(x+2ǫ) + eu(x−2ǫ) − 2eu(x)
)
.
Introducing the change of variables u↔ v by the formula
u =
1
ǫ
(d/dx)−1 sinh(ǫd/dx)v = (d/dx)−1
(
v(x+ ǫ)− v(x− ǫ)
2ǫ
)
= v +
ǫ2
3!
vxx +
ǫ4
5!
vxxxx + . . . ,
one can verify that the Hamiltonian operator in (19) transforms into the Hamiltonian operator
in (4), while the Hamiltonian density h(u,w) = w
2
2 + e
u takes the form
h(v,w) =
w2
2
+ exp
(
1
ǫ
(d/dx)−1 sinh(ǫd/dx)v
)
=
w2
2
+ exp
(
v +
ǫ2
3!
vxx +
ǫ4
5!
vxxxx + . . .
)
=
w2
2
+ ev
(
1 +
ǫ2
3!
vxx +
ǫ4
5!
(vxxxx +
5
3
v2xx) + . . .
)
.
This provides the required integrable deformation for the Hamiltonian density h = w
2
2 + e
v. The
1 + 1 dimensional y-independent limit of this construction was discussed in [10].
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7 Example 2: deformation of the dKP equation
For β = 0, α = 1 the Hamiltonian density from Example 2 takes the form h(v,w) = v
2
2 + f(w)
where f ′′′′f ′′ = 3f ′′′2. The corresponding deformation assumes the form
H =
∫
v2
2
+ f(w) + ǫ2f ′′′
(
− 1
f ′′
v2x + 2w
2
x + f
′′w2y
)
+O(ǫ4) dxdy.
Without any loss of generality one can set f(w) = 2
√
2
3 w
3/2. In this case the dispersionless system
takes the form
vt = (
√
2w)x, wt = vx + (
√
2w)y.
Introducing the new variable u =
√
2w one obtains
vt = ux, uut = vx + uy,
which, on elimination of v, leads to the dKP equation (uy−uut)t+uxx = 0, with ‘non-standard’
notation for the independent variables. The corresponding KP equation, (uy − uut)t + uxx +
ǫ2utttt = 0, gives rise to the following integrable deformation of the original system:
vt = (
√
2w)x, wt = vx + (
√
2w)y + ǫ
2(
√
2w)ttt.
This, however, is clearly outside the class of Hamiltonian deformations.
8 Deformable Hamiltonians of type I
In this section we summarise our results on deformations of Hamiltonian systems of the form(
v
w
)
t
=
(
d/dx 0
0 d/dy
)(
hv
hw
)
,
or, explicitly,
vt = (hv)x, wt = (hw)y.
The integrability conditions constitute a system of fourth order PDEs for the Hamiltonian density
h(v,w) [14]:
hvw(h
2
vw − hvvhww)hvvvv = 4hvwhvvv(hvwhvvw − hvvhvww)
+3hvvhvwh
2
vvw − 2hvvhwwhvvvhvvw − hvwhwwh2vvv ,
hvw(h
2
vw − hvvhww)hvvvw = −hvwhvvv(hvvhwww + hwwhvvw)
+3h2vwh
2
vvw − 2hvvhwwhvvvhvww + h2vwhvvvhvww,
hvw(h
2
vw − hvvhww)hvvww = 4h2vwhvvwhvww
−hvvhvvw(hvwhwww + hwwhvww)− hwwhvvv(hvwhvww + hvvhwww),
hvw(h
2
vw − hvvhww)hvwww = −hvwhwww(hwwhvvv + hvvhvww)
+3h2vwh
2
vww − 2hvvhwwhwwwhvvw + h2vwhwwwhvvw,
hvw(h
2
vw − hvvhww)hwwww = 4hvwhwww(hvwhvww − hwwhvvw)
+3hwwhvwh
2
vww − 2hvvhwwhwwwhvww − hvwhvvh2www.
(20)
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This system is in involution, and is invariant under the 8-parameter group of Lie-point symme-
tries,
v → av + b,
w → cw + d,
h→ αh+ βv + γw + δ,
which constitute the equivalence group of the problem. Furthermore, there is an obvious sym-
metry corresponding to the interchange of v and w. Particular solutions include
h(v,w) = vw+αv3, h(v,w) = w
√
v+αv5/2, h(v,w) =
1
2
(v+w)2+ev, h(v,w) = (w+a(v))2,
where a(v) solves the ODE a′a′′a′′′′ = 2a′′2a′′′+a′a′′′2, etc, see [15] for the general discussion. As
before, generic Hamiltonians are not deformable. Although Case I turns out to be considerably
more complicated from computational point of view, our calculations support the conjecture that
deformable densities of type I are characterised by exactly the same additional constraints as in
case II:
Conjecture A Hamiltonian H0 =
∫
h(v,w) dxdy of type I possesses a nontrivial integrable
deformation to the order ǫ2 if and only if, along with the integrability conditions (20), it satisfies
the additional differential constraints
hvvvhvww − h2vvw = 0, hvvvhwww − hvvwhvww = 0, hwwwhvvw − h2vww = 0,
or, equivalently,
rank
(
hvvv hvvw hvww
hvvw hvww hwww
)
= 1.
Modulo equivalence transformations, this gives three types of deformable densities:
h(v,w) = vw + αv3, h(v,w) =
1
2
(v + w)2 + ev, h(v,w) =
α
2
v2 + βvw +
γ
2
w2 + f(v +w),
where f satisfies the integrability condition
(β + f ′′)△f ′′′′ = f ′′′2[3△ + (β − α)(β − γ)],
here △ = (β+ f ′′)2− (α+ f ′′)(γ+ f ′′). Dispersive deformations of these Hamiltonians are given
by the following formulae (we use the normalisation f8 = f9 = 0 which can always be achieved by
a canonical transformation; furthermore, all ǫ-deformations are trivial, and have been set equal
to zero):
H =
∫
vw + αv3 + ǫ2(6αv2x + vxwx) +O(ǫ
4) dxdy,
H =
∫
1
2
(v + w)2 + ev + ǫ2ev
(
2(1 + ev)v2x − 2w2x − 2evvxwx + vxwy + vywx
)
+O(ǫ4) dxdy.
The third case is somewhat more complicated:
H =
∫
α
2
v2 + βvw +
γ
2
w2 + f(v + w) + ǫ2h2 +O(ǫ
4) dxdy,
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where h2 = f1v
2
x+ f2v
2
y+ f3w
2
x+ f4w
2
y+ f5vxwx+ f6(vxwy+ vywx)+ f7vywy, and the coefficients
f1 − f7 are defined as follows:
f1 = (α+ f
′′)(β + f ′′)2△, f4 = (γ + f ′′)(β + f ′′)2△,
f2 = (4β − α+ 3f ′′)(β + f ′′)2△, f3 = (4β − γ + 3f ′′)(β + f ′′)2△,
f5 = (β + f
′′)△[△+ 4(α + f ′′)(β + f ′′)], f7 = (β + f ′′)△[△+ 4(γ + f ′′)(β + f ′′)],
f6 =
1
2
(β + f ′′)△[2△ + (2β − α− γ)2].
We conjecture that Hamiltonians from Theorem 3 can be deformed to all orders in ǫ.
9 Deformable Hamiltonians of type III
In this section we consider Hamiltonian systems of the form
(
v
w
)
t
=
[(
2v w
w 0
)
d
dx
+
(
0 v
v 2w
)
d
dy
+
(
vx vy
wx wy
)](
hv
hw
)
,
or, explicitly,
vt = (2vhv + whw − h)x + (vhw)y, wt = (whv)x + (2whw + vhv − h)y.
The integrability conditions constitute a system of fourth order PDEs for the Hamiltonian density
h(v,w) which is not presented here due to its complexity. We have verified in [16] that this system
is in involution, and its solution space is 10-dimensional. It is invariant under an 8-dimensional
group of Lie-point symmetries,
v → av + bw,
w → cv + dw,
h→ αh+ βv + γw + δ,
which constitute the equivalence group of the problem. Particular integrable Hamiltonian den-
sities include
h(v,w) =
w
v
+ αv2, h(v,w) =
w
v
+ (v + c) ln(v + c), h(v,w) = (vw)1/3.
A more complicated example has the form h(v,w) = wf(v/w2) where the function f(y) solves
the ODE
y2f ′f ′′(f ′ + 2yf ′′)f ′′′′ = 2y2f ′(f ′ + 3yf ′′)f ′′′2
+2yf ′′(2f ′2 + 9yf ′f ′′ + 4y2f ′′2)f ′′′ + 3f ′′2(2f ′2 + 8yf ′f ′′ + 5y2f ′′2).
However, calculations suggest that none of these examples are deformable:
Conjecture For Hamiltonians of type III, all deformations of the order ǫ2 are trivial.
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10 Concluding remarks
In this paper we discuss, in the spirit of [8] – [13], the deformation theory of 2 + 1 dimen-
sional Hamiltonian systems of hydrodynamic type, defined by local Poisson brackets and local
Hamiltonians. Our results demonstrate that, already at the order ǫ2, the requirement of the
existence of nontrivial dispersive deformations is very restrictive so that ‘generic’ integrable
Hamiltonians are not deformable. The main reason for this is apparently the assumption that
all higher order dispersive corrections are local expressions in the dependent variables v,w and
x, y-derivatives thereof. It would be of interest to extend this scheme to the case of nonlocal
brackets/Hamiltonians, see [2] for particular examples obtained via Dirac reduction.
Furthermore, to the best of our knowledge the theory of deformations of multi-dimensional
Poisson brackets of hydrodynamic type has not been constructed: is it true that all such defor-
mations are trivial, as in the 1 + 1 dimensional case?
Finally, calculations leading to Example 1 of Sect. 2 show that any Hamiltonian of the
form H0 =
∫
w2
2 + f(v) dxdy, where the function f is arbitrary, possesses a unique dispersive
deformation of the form
H =
∫
w2
2
+ f(v) +
ǫ2
3!
f ′′′v2x +O(ǫ
4) dxdy,
which inherits all one-phase solutions to the order ǫ2. Thus, one can speak of ‘partial integrability’
of a certain kind. However, already the requirement of the inheritance of two-phase solutions
forces f to satisfy the integrability condition f ′′′′f ′′ = f ′′′2.
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